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E-mail address: shodja@sharif.edu (H.M. Shodja).It is well-known that classical continuum theory has certain deﬁciencies in predicting material’s behavior
at the micro- and nanoscales, where the size effect is not negligible. Higher order continuum theories
introduce new material constants into the formulation, making the interpretation of the size effect pos-
sible. One famous version of these theories is the couple stress theory, invoked to study the anti-plane
problems of the elliptic inhomogeneities and inclusions in the present work. The formulation in elliptic
coordinates leads to an exact series solution involving Mathieu functions. Subsequently, the elastic ﬁelds
of a single inhomogeneity in conjunction with the Mori–Tanaka theory is employed to estimate the over-
all anti-plane shear moduli of composites with uni-directional elliptic cylindrical ﬁbers. The dependence
of the anti-plane elastic moduli on several important physical parameters such as size, aspect ratio and
rigidity of the ﬁber, the characteristic length of the constituents, and the orientation of the reinforce-
ments is analyzed. Based on the available data in the literature, certain nano-composite models have
been proposed and their overall behavior estimated using the present theory.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Within the framework of classical continuum theory, only three
translational degrees of freedom are considered for each material
point and two neighboring material points across a surface interact
only through a stress vector deﬁned on that surface. The adequacy
of these degrees of freedom for complete description of materials
with microstructures was initially questioned by Cosserat and
Cosserat (1909). In this pioneering work, they introduced three
additional rotational degrees of freedom at each point, called micr-
orotations which are independent of the displacement ﬁeld.
Eringen (1966, 1968) gave an extensive treatment on Cosserat con-
tinuum theory and referred to it as micropolar theory. A special
case of the original theory, well-known as the couple stress theory,
was proposed by Mindlin and Tiersten (1962). In their theory,
microrotations andmacrorotations were assumed to be equivalent.
Basically, involvement of new material constants in the formula-
tion of the generalized continuum theories, including the Cosserat
continuum and couple stress theories, makes them capable to
sense the size effect. Hence, they are of particular interest in the
study of problems involving length scales comparable with thell rights reserved.
f Civil Engineering, Sharif
Tel.: +98 21 66164209; fax:characteristic length of matters representing their discrete nature.
For instance, a signiﬁcant amount of work has been devoted to the
study of the elastic ﬁelds in presence of nano-sized inhomogenei-
ties and inclusions. Mindlin (1962) investigated the stress concen-
tration factors around circular and spherical voids utilizing couple
stress theory. An analogous study for micropolar media was pre-
sented by Kaloni and Ariman (1967). The disturbance of stress ﬁeld
due to circular and spherical inhomogeneities was addressed by
numerous authors (Hartranft and Sih, 1965; Weitsman, 1965;
Banks and Sokolowski, 1968; Wang, 1970; Gupta, 1976). During
the past decade, higher order continuum theories have been partic-
ularly employed in the nano-scale study of thin ﬁlms, nano-com-
posites and quantum dots, where the size effect cannot be
neglected and hence the classical theory will not work properly.
Nonuniform Eshelby tensors for spherical and circular inclusions
were derived for micropolar elastic solids by Cheng and He
(1995, 1997). Miller and Shenoy (2000) studied size-dependent
properties of nano-sized elastic beams and plates. A nanoscopic
study of dislocations and disclinations was performed by Gutkin
(2000) with the aid of the gradient theories of elasticity. Lubarda
(2003) elaborately studied anti-plane strain problems of circular
inclusions, voids and inhomogeneities in the presence of couple
stresses. Zhang and Sharma (2005) utilized a second gradient the-
ory with couple stresses to study the effective properties of com-
posites containing spherical inhomogeneities. Non-classical
elasticity models for dislocations, disclinations, inclusions and
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(2006). Shodja et al. (2008) derived the elastic ﬁelds of a dislocated
nano-wire using the gradient theory of elasticity.
The concept of size effect has also been introduced into the
plasticity and the study of localization phenomenon, in a number
of papers by Aifantis (1987), Mühlhaus and Aifantis (1991) and
Zbib and Aifantis (1992). Further developments in the strain gradi-
ent plasticity were followed by Xia and Hutchinson (1996), Wei
and Hutchinson (1997), Fleck and Hutchinson (2001) among oth-
ers. Moreover, the study of size effects has been extended to the
piezoelectric materials. Along this line of thought Multani and
Palker (1982) and Shvartsman et al. (2002) approved the effect of
grain size on the piezoelectric coefﬁcients. Wang et al. (2004)
proposed a new formulation of piezoelectricity with rotation gradi-
ent effects. Study of inhomogeneities and inclusions in piezoelec-
tric materials with couple stresses was performed by Shodja and
Ghazisaeidi (2007).
As it was alluded to, the capability of the non-classical contin-
uum theories in capturing the size effect, which is the main reason
for their prevalence among researchers, stems from involvement
of newmaterial constants which are reduced to one or several char-
acteristic lengths. The order of magnitude of the length scales is of
paramount importance since it is necessary for capturing the struc-
tural features which are of comparable length scales. Experimental
results obtained from bending of the micron-sized beams and
plates, made of metals (aluminum and steel) and polymers (poly-
propylene and epoxy), suggest that the characteristic length is in
the order of micrometer (Ellis and Smith, 1968; Lam et al., 2003;
McFarland and Colton, 2005; Park andGao, 2006). Reid andGooding
(1992) pointed out the importance of gradient forces in layered sys-
tems such as graphite by referring to its relatively large characteris-
tic length of about 3.3 nm. Based on a micromechanical couple
stress model, Nikolov et al. (2007) estimated the length scales of
4.6 nmand 5.8 nm for rubbers and liquid crystal elastomers, respec-
tively. They also, by resorting to the experimental results reported
by Wübbenhorst and Lupascu (2005), conjectured that the rota-
tional gradients may play an important role in the mechanical
behavior of glassy polymers at length scales of several nanometers.
For an atomic lattice, the characteristic length in terms of the lattice
parameter, a is estimated to be about 0:25a (Altan and Aifantis,
1992; Shibutani, 1998; Shibutani et al., 1998) and about 0:39a (Erin-
gen, 2002) for fcc materials. Maranganti and Sharma (2007a,b), via
atomistic simulation, provided an approach for calculation of the
elastic constants encountered in gradient elasticity. Although, they
estimated the dynamic length scales for several materials, the static
characteristic lengths cannot be recovered from their formulation.
Based on their ﬁndings, they concluded that even though the strain
gradient effects are less important for crystalline materials, they
may play a signiﬁcant role in the nano-scale elastic behavior of
amorphousmaterials and polymers. Recently Shodja and Tehranchi
(submitted for publication), proposing an atomistic approach in
conjunction with Sutton–Chen interatomic potential, have evalu-
ated the length scales associated with the ﬁrst gradient theory for
various fcc metals. Adopting these length scales, they compared
the elastic ﬁelds of a nano-void as predicted by the gradient theory
with those obtained by atomic simulation. Fairly well coincidence
between their results implies the physical ramiﬁcation of the gradi-
ent theories for nano-scale study of materials.
The present study considers elliptic inhomogeneities and
inclusions in anti-plane couple stress elasticity, and extends the
theory to predict the overall behavior of composites. In this work
an inhomogeneity is referred to a sub-domain of a medium whose
elastic properties differ from its surrounding matrix, whereas an
inclusion is a sub-domain having the same elastic properties as
those of matrix, but possessing an eigenstrain ﬁeld. The fundamen-
tal formulation of the couple stress theory is given in Section 2. Thespecialization of the theory to the anti-plane problems in elliptic
coordinates is presented in Section 3. Afterwards in Sections 4
and 5, the governing equation for determination of the elastic
ﬁelds is solved in elliptic coordinates. The paper goes on with a
number of numerical examples devoted to the study of the inho-
mogeneities under remote anti-plane loadings and inclusions with
prescribed uniform and linear eigenstrains. The aim of Section 6 is
to estimate the effective anti-plane moduli of composites consist-
ing of aligned elliptic cylindrical ﬁbers. By taking advantage of this
approximation, the role of various parameters in the overall behav-
ior of composites is scrutinized. Among those, variation of the elas-
tic moduli with size of the reinforcements, particularly observed at
micro- and nanoregimes, is discussed. Even though the present
work seems to be a mathematical treatment of composite materi-
als at ﬁrst glance, it is demonstrated that certain types of nano-
composites have physically realistic interpretation in the context
of the present theory. In the closure, a summary of the present
study and results is reviewed.
2. Formulation
In the couple stress ﬁeld theory, as mentioned in the introduc-
tion, it is assumed that the macrorotations are equivalent to the
microrotations and are dependent on the displacement vector by
ri ¼ 12 ijkuk;j; ð1Þ
where r is the rotation vector, ijk is the permutation symbol, and
‘‘,j” in uk;j designates differentiation with respect to xj. The curvature
tensor is the gradient of rotation, and so
vij ¼
1
2
jklul;ki: ð2Þ
In the present theory, in addition to a stress vector, a couple vector
is also transmitted between two neighboring material points across
an arbitrary surface. The surface stress vector, T and couple stress
vector, M are related to stress tensor, rij and couple stress tensor,
mij according to Cauchy’s theorem:
Ti ¼ njrji; ð3Þ
Mi ¼ njmji; ð4Þ
in which n is the unit outward normal vector to the surface S. The
equilibrium equations in the absence of body forces and couples
can be written as
rji;j ¼ 0; ð5Þ
mji;j þ ijkrjk ¼ 0: ð6Þ
In general, the stress tensor r is not symmetric. The symmetric and
antisymmetric parts of this tensor are denoted by rs and ra,
respectively. In view of Eq. (6)
raij ¼ 
1
2
ijkmlk;l: ð7Þ
For an isotropic material, the constitutive equations are
rsij ¼ 2leij þ kekkdij; ð8Þ
mij ¼ 4avij þ 4bvji; ð9Þ
where dij is the Kronecker delta, eij is the component of the strain
tensor,
eij ¼ 12 ðui;j þ uj;iÞ; ð10Þ
and k; l; a and b are the Lamé type constants. At each point the
strain energy density is a function of strain and curvature tensor,
W ¼ 1
2
kekkell þ leklekl þ 2avklvkl þ 2bvklvlk: ð11Þ
0Fig. 1. An elliptic sub-domain of an inﬁnite medium and elliptic coordinate system.
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are obtained by substitution of Eqs. (2) and (10) into Eqs. (8) and
(9),
rsij ¼ lðui;j þ uj;iÞ þ kuk;kdij; ð12Þ
mij ¼ 2ajklul;ki þ 2biklul;kj: ð13Þ
Utilizing Eqs. (13) and (7), the antisymmetric part of the stress ten-
sor is also expressible in terms of the displacement ﬁeld,
raij ¼ aðui;jll  uj;illÞ: ð14Þ
Utilizing Eqs. (12) and (14), the equilibrium equation (5) readily
takes the following form:
r2ui  ‘2r4ui þ ooxi
1
1 2m$  uþ ‘
2r2ð$  uÞ
 
¼ 0; ð15Þ
where m is the Poissons’ ratio and ‘ is the characteristic length de-
ﬁned by
‘2 ¼ a
l
: ð16Þ
Based on Eq. (11) and positive deﬁniteness of the strain energy den-
sity function, it can be shown that a is necessarily positive. There-
fore ‘ possesses a real value.
In the case of anti-plane problems, the only non-vanishing dis-
placement component u3, is a function of x1 and x2. Thus, $  u ¼ 0
and Eq. (15) reduces to
r2u3  ‘2r4u3 ¼ 0: ð17Þ
At each point of a smooth boundary, three components of the re-
duced stress traction, T and two tangential components of the re-
duced couple stress traction M can be speciﬁed independently
(Mindlin and Tiersten, 1962),
Ti ¼ njrji  12 ijknjðnpmpqnqÞ;k; ð18Þ
Mi ¼ njmji  ðnjmjknkÞni: ð19Þ3. Fundamental equations in elliptic coordinates
This work is concerned with the elliptic inclusion and so it is
beneﬁcial to lay down fundamental equations in elliptic coordi-
nates, ðn;gÞ. The Cartesian components of the position vector are
x1 ¼ c0 cosh n cosg; ð20Þ
x2 ¼ c0 sinh n sing; ð21Þ
where c0 is a positive constant with the dimension of length. As
shown in Fig. 1 the curves n = constant are ellipses and the curves
g = constant are portions of hyperbolae all having the same foci
ðc0;0Þ.
The corresponding gradient vector is expressed by
$ ¼ 1
h
o
on
;
1
h
o
og
;
o
ox3
 
; ð22Þ
where
h ¼ c0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cosh2n cos2 g
q
: ð23Þ
Further discussion in this section is restricted to anti-plane prob-
lems with u1 ¼ u2 ¼ 0 and u3 ¼ u3ðn;gÞ. Therefore the only non-
zero components of the strain tensor and rotation vector are
enz ¼ rg ¼ 12h
ou3
on
; ð24Þ
egz ¼ rn ¼ 12h
ou3
og
: ð25ÞCurvature tensor v, deﬁned in Eq. (2), has the following non-zero
components:
vnn ¼ 
1
2h3
oh
on
ou3
og
 h o
2u3
onog
þ oh
og
ou3
on
 !
; ð26Þ
vng ¼
1
2h3
oh
on
ou3
on
 oh
og
ou3
og
 h o
2u3
on2
 !
; ð27Þ
vgn ¼
1
2h3
oh
on
ou3
on
 oh
og
ou3
og
þ h o
2u3
og2
 !
; ð28Þ
vgg ¼
1
2h3
oh
og
ou3
on
 h o
2u3
onog
þ oh
on
ou3
og
 !
: ð29Þ
Eqs. (12) and (14) when rewritten for the present anti-plane prob-
lem in elliptic coordinates, take on the following forms:
rsn3 ¼
l
h
ou3
on
; ð30Þ
rsg3 ¼
l
h
ou3
og
; ð31Þ
ran3 ¼ ra3n ¼ 
l‘2
h
o
on
r2u3; ð32Þ
rag3 ¼ ra3g ¼ 
l‘2
h
o
og
r2u3: ð33Þ
Utilizing the usual transformation formulae, r2 is given by
r2 ¼ 1
h2
o2
on2
þ o
2
og2
 !
þ o
2
ox23
: ð34Þ
Once the displacement ﬁeld is known, the stress components are
obtained via Eqs. (30)–(33). The couple stresses can also be deter-
mined by direct substitution of Eqs. (26)–(29) into the pertinent
constitutive relation, Eq. (9).
For the problems in the gamut of our discussion, the non-van-
ishing reduced traction components of Eqs. (18) and (19) are
T3 ¼ rn3  12h
omnn
og
; ð35Þ
Mg ¼ mng: ð36Þ4. Solution of the governing equations
The displacement equation of equilibrium for anti-plane prob-
lems of couple stress elasticity was derived in Section 2, Eq. (17).
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by solving the following equations:
r2u3 ¼ 0; ð37Þ
ð1 ‘2r2Þu3 ¼ u3: ð38Þ
By deﬁning another function u3 as
u3 ¼ u3  u3; ð39Þ
Eq. (38) becomes homogeneous, and consequently the governing
equations become:
o2
on2
u3 þ o
2
og2
u3 ¼ 0; ð40Þ
o2
on2
u3 þ o
2
og2
u3  c
2
0
2‘2
ðcosh2n cos 2gÞu3 ¼ 0: ð41Þ4.1. Solution for u3
Eq. (40) is the same as what appears in the classical elasticity.
Its general solution periodic in g is
u3ðn;gÞ ¼ a0 þ b0n
þ
X1
k¼1
ak cos kgþ bk sin kg
 
ck cosh knþ dk sinh kn
 
;
ð42Þ
where a0; b0; ak; bk; ck; dk; k ¼ 1;2; . . . are constants.
4.2. Solution for u3
A brief discussion on the solution of Eq. (41) is given in Appen-
dix A. The general solution of this equation periodic in g is
u3 ¼ ce0ðg; qÞ a0Ie0ðn; qÞ þ b0Ke0ðn; qÞ
	 

þ
X1
k¼1
cekðg; qÞ akIekðn; qÞ þ bkKekðn; qÞ
	 

þ
X1
k¼1
sekðg; qÞ ckIokðn; qÞ þ dkKokðn; qÞ
	 

; ð43Þ
where ak;
bk; ckþ1 and
dkþ1 for k ¼ 0;1;2; . . . are the unknown con-
stants and q ¼  c20
4‘2
. Here ce0; cek and sek are known as angular
Mathieu functions, while Kek; Iek; Kokþ1 and Iokþ1 are Bessel-type
radial Mathieu functions. Some important aspects of these func-
tions are discussed in Appendix A.5. Elliptic inhomogeneities and inclusions in inﬁnite media
This section starts with selecting the appropriate solutions
which contribute to description of the displacement ﬁeld inside
and outside an elliptic region and stating the required boundary
conditions. It is followed by some numerical examples in which
the stress ﬁelds are examined around an inhomogeneity or an
inclusion.
5.1. Solutions and boundary conditions
Consider an elliptic inhomogeneity (or inclusion), X embedded
in an inﬁnite isotropic medium, D as shown in Fig. 1. The boundary
ofX is described as n ¼ n0, therefore the semi-major andminor axes
of the circumscribing ellipse are a1 ¼ c0 cosh n0 and a2 ¼ c0 sinh n0,
respectively. Solutions of the governing equation (17) can be
grouped into two categories: (1) solutions which tend to zero as n
goes to inﬁnity and (2) solutions which are continuous and smoothat n ¼ 0. In other words, the nature of the solutions stated under the
second category is such that u3ðn ¼ 0;g ¼ g0Þ ¼ u3ðn ¼ 0;g ¼
2pg0Þ andru3ðn¼ 0;g¼ g0Þ ¼ru3ðn¼ 0;g¼ 2pg0Þ, for g0 2
½0;2p. The linear combinations of the solutions from the ﬁrst and
second categories are, respectively, denoted by uð1Þ3 and u
ð2Þ
3 andwill
be useful for describing the elastic ﬁelds pertinent to the exterior
and interior points ofX:
uð1Þ3 ðn;gÞ ¼
X1
k¼1
ak1 cos kgþ bk1 sin kg
 ðcosh kn sinh knÞ
þ a01ce0ðg; q1ÞKe0ðn; q1Þ þ
X1
k¼1
ak1cekðg; q1ÞKekðn; q1Þ
þ bk1sekðg; q1ÞKokðn; q1Þ; ð44Þ
uð2Þ3 ðn;gÞ ¼
X1
k¼1
ak2 cos kg cosh knþ bk2 sin kg sinh kn
 
þ a02ce0ðg; q2ÞIe0ðn; q2Þ þ
X1
k¼1
ak2cekðg; q2ÞIekðn; q2Þ
þ bk2sekðg; q2ÞIokðn; q2Þ; ð45Þ
where qi ¼ c20=4‘2i for i ¼ 1;2, and ‘1 and ‘2 are the characteristic
lengths pertinent to the media D and X, respectively. The complete
solution is obtained by addition of appropriate terms for a speciﬁc
problem accordingly. In the remainder of this paper, the super-
scripts 1 and 2 over a ﬁeld quantity indicate that it is corresponding
to uð1Þ3 and u
ð2Þ
3 , respectively. Following this notation, in the pres-
ence of far-ﬁeld loadings and eigenstrains inside X, the complete
displacement ﬁeld is written as
u3 ¼ uð2Þ3 þ u3 þ Hðn n0Þ u13 þ uð1Þ3  uð2Þ3  u3
	 

; ð46Þ
where HðxÞ is the Heaviside step function and u13 is the displace-
ment ﬁeld at distances far from X:
u13 ¼
c0
lðDÞ
S113 cosh n cosgþ S123 sinh n sing
 
; ð47Þ
in the presence of uniform remote shear stresses S113 and S
1
23 with
lðDÞ denoting the shear modulus of the matrix. In Eq. (46), u3 is
the stress free deformation and is generally described by
u3 ¼ 2bixi þ bijxixj þ    ; i; j ¼ 1;2; ð48Þ
with constant coefﬁcients bi; bij; . . .. This deformation accounts for a
polynomial eigenstrain ﬁeld,
ei3 ¼ bi þ bijxj þ    ; i; j ¼ 1;2; ð49Þ
which may include such nonelastic strains as phase transformation,
initial strains, plastic strains and misﬁt strains (Eshelby, 1957;
Mura, 1987).
Finally, one may readily obtain the complete solutions for stres-
ses and couple stresses. The unknown coefﬁcients in Eqs. (44) and
(45) are to be determined in such a way that
½T3 ¼ 0; ½Mg ¼ 0; ½u3 ¼ 0; ð50Þ
where ½f  ¼ f ðnþ0 ;gÞ  f ðn0 ;gÞ. These conditions along with one sub-
sidiary condition are required for unique determination of the coef-
ﬁcients. This subsidiary condition normally provides additional
information about the interface, n ¼ n0. In this paper, the following
conditions, utilized by some authors (Lubarda, 2003; Shodja and
Ghazisaeidi, 2007), are used intermittently:
ou3
on
 
¼ 0; ð51Þ
or alternatively,
½rzn ¼ 0: ð52Þ
η1
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Fig. 4. Variation of rsgz on the surface of the hole for various aspect ratios.
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Fig. 2. Effect of size on the distribution of rgz on the surface of the hole.
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the series stemming from Eqs. (44) and (45) consist of a total of 4n
unknown coefﬁcients. Writing n terms of the Fourier series expan-
sion for each of the conditions (50), (51) or (52) would lead to a
complete determination of the unknown coefﬁcients.
In a special case whereX is a hole, the following boundary con-
ditions are utilized
T3ðn0;gÞ ¼ 0; Mgðn0;gÞ ¼ 0; ð53Þ
and the displacement ﬁeld becomes
u3 ¼ u13 þ uð1Þ3 : ð54Þ5.2. Numerical examples
Utilizing the present theory, some sample problems are stated
and solved numerically in this section. To this end, for the sake
of simplicity b is taken to be zero and the geometric dimensions
are described in terms of the characteristic length ‘. In the follow-
ing examples the elastic ﬁeld within a medium containing either
an inhomogeneity, X under uniform far-ﬁeld anti-plane shear
stress or an inclusion, X are discussed.
5.2.1. X is a hole
Two descriptive examples are presented in this section.
5.2.1.1. S113 ¼ 1; a1 ¼ 1:5a2. Figs. 2 and 3 illustrate the size effect of
an elliptic hole on the stress distribution on the surface of the hole.
Both gz and zg-components of the stress tensor are maximum at
the end points of the short axis of the hole. It is deduced that the
stress concentration factor diminishes as the hole size reduces.
The results of the present study approach the size independent
classical solutions as the hole size grows.
5.2.1.2. S123 ¼ 1; a2 ¼ ‘2. The distribution of rsgz and rgz on the
surface of the hole are given in Figs. 4 and 5, for various aspect1.5
1
0.5
0.5
1
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l a2 2
l a2 1
l a2 0.2
classic
σ z
π
2
π 3 π
2
2π
σ
η
Fig. 3. Effect of size on the distribution of rzg on the surface of the hole.ratios. As it is observed, for the special case of the circular hole
the results of the present study reduce to the results derived from
the work of Lubarda (2003). The gz-component of the symmetric
part of the stress tensor in this study, rsgz attains its maximum at
the end points of the long axis of the hole and vanishes at the
end points of the short axis. Its maximum value increases as the
hole aspect ratio increases, Fig. 4. From Fig. 5, it is evident that
the location of the maximum rgz varies with the aspect ratio of
the hole.
5.2.2. X is an inhomogeneity
In this example X is considered to be an inhomogeneity sub-
jected to the remote anti-plane shear stress S113 ¼ 1. Suppose that
the shear modulus ofX is ﬁve times that of its surrounding matrix,
D. Both X and D are assumed to possess the same characteristic
length, ‘. Eq. (51) is utilized in derivation of the results of this
example. For the special case of a1 ¼ a2 and a2 ¼ ‘=2 the results
of Lubarda (2003) for the circular inhomogeneity are recovered.
Under these conditions max jrgzj ¼ 0:59; max jrzgj ¼ 2:18;
max jrnzj ¼ 2:59; and max jrznj ¼ 0:96 for the exterior points. The
maximum absolute value of the stress components for the interior
points are 2.25, 5.70, 2.25 and 5.92, respectively. For the case
where a1 ¼ 1:5a2 and a2 ¼ ‘=2, the distribution of the stresses
along the matrix–inhomogeneity interface is shown in Figs. 6 and
7 for the exterior points and in Figs. 8 and 9 for the interior points.
In these ﬁgures the classical solutions are denoted by the super-
script ‘‘cl”. It is observed that both the gz-component of the classi-
cal stresses and the symmetric part of the stress tensor in the
couple stress solution, rsgz attain their maximum values at the
end points of the short axis of the inhomogeneity. rzg and gz-com-
ponent of all stresses vanish at the end points of the long axis. The
trend reverses for rzn and nz-component of the stresses. It is also
concluded that the location of the maximum rgz and rzg, and the
direction of the stresses, rgz and rzn just outside of the inhomoge-
neity along its boundary differ from those of the classical solutions,
Figs. 6 and 7.π
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Fig. 5. Variation of rgz on the surface of the hole for various aspect ratios.
Fig. 7. Distribution of nz and zn-components of different stresses along the
inhomogeneity–matrix interface, just outside the inhomogeneity.
Fig. 9. Distribution of nz and zn-components of different stresses along the
inhomogeneity–matrix interface, just inside the inhomogeneity.
Fig. 6. Distribution of gz and zg-components of different stresses along the
inhomogeneity–matrix interface, just outside the inhomogeneity.
Fig. 10. Effect of size on the distribution of rgz just outside the boundary of the
inclusion.
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This section presents two examples; in the ﬁrst example a uni-
form eigenstrain and in the second example a linear distribution of
eigenstrain is prescribed in X.
5.2.3.1. e32 ¼ 1. When a1 ¼ a2 ¼ ‘=2 the maximum absolute values
of the stresses for the interior and exterior points along the ma-
trix–inclusion boundary are computed. It turns out that max jrgzj=
l¼1:00;3:67;maxjrzgj=l¼0:28;0:39;maxjrnzj=l¼1:00;3:67, and
max jrznj=l ¼ 0:64;0:64, where the ﬁrst and second numbers corre-
spond to the exterior and interior points, respectively. The results
are in agreement with the results obtained using the formulation
presented by Lubarda (2003). The size effect of an inclusion with
a1 ¼ 1:5a2 and for various ‘=a2 ratios and the subsidiary condition
(52) is investigated. Figs. 10 and 11 show the gz and nz components
of the stress tensor along the matrix–inclusion boundary when
approached from the exterior points. The classical solutions are ap-
proached as the size of inclusion grows. The maximum value of rgz,Fig. 8. Distribution of gz and zg-components of different stresses along the
inhomogeneity–matrix interface, just inside the inhomogeneity.which occurs at the end points of the long axis of the inclusion, is
higher for smaller inclusions, Fig. 10.Whereas the value of the stress
component rnz becomes equal to zero at the end points of the long
axis, Fig. 11.
5.2.3.2. e32 ¼ x2=a2. Next consider the case of an elliptic inclusion
with a1 ¼ 1:5a2; a2 ¼ 3‘. For veriﬁcation the case of a1 ¼ a2 ¼ 3‘
considered by Lubarda (2003) has been examined. It is readily seen
that the results of the present theory for this special problem coin-
cide with those derived by Lubarda (2003). It turns out that the
maximum values of the stress components rgz; rzg; rnz; and rzn,
normalized with respect to the shear modulus l are 0.62, 0.80;
0.29, 0.29; 0.62, 0.80; and 0.04, 0.04, respectively, for the exterior
and interior points along the matrix–inclusion interface. Figs. 12
and 13 show the variations of the stress components along the
inclusion–matrix interface for the material points just outside of
X. In obtaining these results the subsidiary condition (52) has beenFig. 11. Effect of size on the distribution of rnz just outside the boundary of the
inclusion.
Fig. 12. Distribution of gz and zg-components of different stresses just outside the
boundary of the inclusion.
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sor are smaller than the corresponding classical solutions, how-
ever, both attain their maximum at the same points along the
interface.
6. Effective properties of nano-composites with aligned
inhomogeneities
Nowadays, achieving high performance nano-composites for
various technological applications is among the cutting edge prob-
lems for the engineers and scientists. Prediction of the overall
behavior of such solids is one of the major concerns. Employing
the Mori–Tanaka method (Mori and Tanaka, 1973), the size-depen-
dent effective anti-plane shear moduli are estimated for the com-
posites containing aligned elliptic cylindrical ﬁbers. Both the
ﬁbers and the surrounding matrix are assumed to be made of iso-
tropic materials. In the following subsection, a brief review of the
Mori–Tanaka scheme is provided.
6.1. Formulation of the Mori–Tanaka method
Consider a two-phase composite solid consisting of isotropic
elliptic cylindrical ﬁbers X and matrix D. The length of the ﬁbers
is assumed to be extended inﬁnitely parallel to the x3-axis,
whereas the long axis of their cross-section is parallel to the x1-
axis. For such a solid, the effective shear moduli c1313 and c

2323
can be approximated by
c1313 ¼ lðDÞ þ
2uA1313Dl
1uþ 2uA1313 ; ð55Þ
c2323 ¼ lðDÞ þ
2uA2323Dl
1uþ 2uA2323 : ð56Þ
Eqs. (55) and (56) are derived from the formulation of Benveniste
(1987). u is the volume fraction of the ﬁbers, Dl ¼ lðXÞ  lðDÞ,Fig. 13. Distribution of nz and zn-components of different stresses just outside the
boundary of the inclusion.and A1313 and A2323 are the strain concentration factors accounting
for dilute concentration of the ﬁbers. These factors can be deter-
mined from the mean strain ﬁelds eðXÞ13
D E
and eðXÞ23
D E
within a single
inhomogeneity embedded in an unbounded matrix subjected to the
remote strains e113 and e
1
23 through
eðXÞ13
D E
¼ 2A1313e113; eðXÞ23
D E
¼ 2A2323e123; ð57Þ
where
eðXÞ13
D E
¼ 1
V ðXÞ
Z
X
e13 dV ; e
ðXÞ
23
D E
¼ 1
V ðXÞ
Z
X
e23 dV ; ð58Þ
with V ðXÞ representing the volume of the ﬁber. By applying the re-
mote strains e113 and e
1
23, and with the aid of the solution presented
in Section 5, one may obtain the concentration factors according to
Eq. (57). Subsequently the overall anti-plane shear moduli are
approximated via Eqs. (55) and (56).
6.2. Numerical results and discussion
In the following numerical examples, the main purpose is to
interpret the effects of the size, aspect ratio and rigidity of the ﬁber,
the characteristic length of the constituents, and the orientation of
the reinforcements on the overall behavior of composites. Except
for the numerical results of Section 6.2.4, in all the other examples
the characteristic lengths for the ﬁbers and the matrix are the
same. Also, in all the examples of Sections 6.2.1–6.2.4, the long axis
of the cross-section of the ﬁbers is parallel to the x1-axis. For dem-
onstration, the condition (51) is employed throughout this section.
6.2.1. Size effect
A major shortcoming of the classical continuum theory lies in
its inability to incorporate the size effect into the calculations.
While in the context of the present theory, this problem is circum-
vented. In the numerical results given in this section, the aspect ra-
tio is kept unchanged, a1 ¼ 1:5a2 and only the size of the ﬁber has
been varied. Fig. 14 shows the effect of the size of the reinforcing
ﬁber on the overall moduli of a solid in which the shear modulus
of the reinforcements is ﬁve times that of the matrix. It is observed
that at the same concentration of the reinforcement phase, the so-
lid reinforced with the smaller ﬁber attains higher overall elastic
moduli. Also it is deduced that as the size of the ﬁber reduces,
the elastic constants c1313 and c

2323 tend to the same value, and
the anisotropy effect becomes less signiﬁcant. The cases where
the size of the ﬁbers falls into the nano regime, the actual overall
properties signiﬁcantly depart from the size independent classical
solutions. For illustration, consider a case for which ‘  4 nm. Real-
izing that the characteristic length of graphite is about 3.3 nm
(Reid and Gooding, 1992) and that of polymer is in the range ofFig. 14. Effect of the size of the ﬁber on the overall shear moduli of the composite.
Fig. 15. Variation of the elastic constants with the elongation of the ﬁbers’ cross-
section; a2 ¼ ‘=2 and u ¼ 0:2 are ﬁxed.
Table 1
Inﬂuence of the rigidity of the ﬁber on the effective moduli of the composite.
lðXÞ=lðDÞ 0.1 0.2 2 5 10
c1313=lðDÞ 0.805 0.829 1.188 1.646 2.183
c2323=lðDÞ 0.799 0.825 1.186 1.625 2.117
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fabrication of such nano-composites made of polymer matrix rein-
forced with graphite ﬁbers is plausible. Moreover, adoption of the
present treatment for estimation of the effective properties of such
nano-composites seems realistic. For instance, a ﬁber with respec-
tive minor and major diameters of 16 and 24 nm falls into the
category of ‘=a2 ¼ 0:5, for which c1313=lðDÞ and c2323=lðDÞ are,
respectively, 8.1% and 10.3% higher than the classical values, when
the volume fraction of the reinforcements is 20% (Fig. 14). Needless
to recall that the results given in this ﬁgure hold as long as
lðXÞ=lðDÞ ¼ 5.
6.2.2. Inﬂuence of the aspect ratio
In this section, the ﬁber is assumed to be ﬁve times harder than
the matrix, lðXÞ ¼ 5lðDÞ. For a ﬁxed volume fraction of the rein-
forcements,u ¼ 0:2 the effective anti-plane moduli for various val-
ues of a1=a2 are calculated and the results are displayed in Figs. 15
and 16. The variations shown in Fig. 15 are obtained for a2 ¼ ‘=2.
This condition results in increase of the cross-sectional area of each
ﬁber with the aspect ratio, a1=a2. Subsequently the number of ﬁ-
bers decreases since u ¼ 0:2 is ﬁxed. It is observed that both
c1313 and c

2323 decrease with increasing a1=a2. On the other hand,
the results shown in Fig. 16 are pertinent to the scenario where
the cross-sectional area of each ﬁber remains ﬁxed (equal to
1:5pð‘=2Þ2) as a1=a2 varies. From Fig. 16, it is seen that, as the ﬁber
becomes elongated in the x1-direction, the solid exhibits higher
c1313 and lower c

2323.
6.2.3. Inﬂuence of the rigidity
For a given aspect ratio, a1=a2 ¼ 1:5 with a2 ¼ ‘=2 and the vol-
ume fraction u ¼ 0:2, the effective moduli are computed as a func-
tion of the ratio of the shear modulus of the ﬁber to that of the
matrix, lðXÞ=lðDÞ. The results are given in Table 1. It is evident that
the effective elastic constants, c1313; c

2323 are higher when ﬁberFig. 16. Variation of the elastic constants with the aspect ratio of the ﬁbers’ cross-
section; the cross-sectional area and u ¼ 0:2 are ﬁxed.with higher shear modulus is considered. It should be mentioned
that in all the cases, c1313 is higher than c

2323. This stems from
the fact that elongation of the ﬁber is parallel to the x1-axis.
6.2.4. Effect of the characteristic lengths
In this section, it is assumed that the reinforcements and their
surrounding matrix have distinct characteristic lengths ‘2 and ‘1,
respectively. It is of particular interest to examine the effect of
these material constants on the overall moduli of the composite.
To this end, consider a solid consisting of elliptic cylindrical ﬁbers
with aspect ratio a1=a2 ¼ 1:5 and lðXÞ ¼ 5lðDÞ. Suppose the con-
centration of the reinforcements is u ¼ 0:2. Two cases are studied:
(1) ‘1=a2 ¼ 2 is ﬁxed and ‘2=a2 is varied; (2) ‘2=a2 ¼ 2 is kept con-
stant and ‘1=a2 is varied. For cases (1) and (2) the effective moduli,
respectively, as a function of ‘2=a2 and ‘1=a2 are shown in Fig. 17.
In case (1) both c1313 and c

2323 increase with ‘2=a2. An analogous
phenomenon is observed for case (2) as ‘2=a2 increases. However,
it is realized that the variations pertinent to case (2) are more sig-
niﬁcant. This implies that the role of the characteristic length of the
matrix, ‘1 is more critical than that of the ﬁber. As either character-
istic length ‘1 or ‘2 increases, the values of c1313 and c

2323 become
closer to each other. In other words, as the size of the reinforcing
ﬁber compared with the material constants becomes small, the
effect of the anisotropy decreases. Even though the numerical
results given here are based on the assumption lðXÞ=lðDÞ ¼ 5, phys-
ical interpretation of the results through a quantitative example
can be constructive. Consider a composite system with ‘1 
4 nm and ‘2  1 nm which, according to the limited available data
(Nikolov et al., 2007; Maranganti and Sharma, 2007a), represents a
reasonable model for polymer matrix–glass ﬁber composite. By
referring to the case ‘1=a2 ¼ 2 (Fig. 17), which corresponds to the
ﬁber with respective minor and major diameters of 4 and 6 nm,
the values obtained for c1313=lðDÞ and c2323=lðDÞ are, respectively,
1.62 and 1.58. Comparison of these values with those pertaining
to the classical solutions, obtained for u ¼ 0:2 through Fig. 14,
manifests an increase of about 19.7% and 24.2%, respectively, for
c1313=lðDÞ and c2323=lðDÞ, which is indeed signiﬁcant.
6.2.5. Inﬂuence of the orientation
The anisotropic response of the composite is examined by vary-
ing the orientation of the ﬁbers. In this example a1 ¼ 1:5a2;
a2 ¼ ‘=2;u ¼ 0:2 and lðXÞ ¼ 5lðDÞ are used. The angle between
the major axis of the ﬁber and the x1-axis is denoted by h. In
Fig. 18, the variations of c1313 and c

2323 are given as functions ofFig. 17. Effect of the characteristic length of the constituents on the elastic moduli
of the composite.
Fig. 18. Inﬂuence of the orientation of the ﬁber on the elastic moduli of the
composite.
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2323 corre-
spond to h ¼ 0 and h ¼ p=2, respectively.7. Conclusion
The anti-plane problems associated with an elliptic inhomoge-
neity or inclusion were formulated within the framework of couple
stress elasticity. The formulation of the anti-plane problems was
developed in the elliptic coordinate system. A series solution con-
taining trigonometric, exponential and some special functions,
namely the radial and angular Mathieu functions was presented.
In this work the phenomenon of the stress concentration around
an elliptic hole, inhomogeneity, and inclusion with uniform and
linear misﬁt strains was examined in the context of couple stress
elasticity; and comparison with the results of classical theory of
elasticity was made. In contrast to the classical theory, by involving
an internal length scale, ‘ in the present formulation, study of the
size effects was made possible. It was shown that the location,
magnitude and even direction of the maximum shear components
can differ from those suggested by the classical theory. The elastic
ﬁelds pertinent to a single inhomogeneity embedded in an un-
bounded matrix in conjunction with the Mori–Tanaka approxima-
tion was utilized to estimate the overall anti-plane shear moduli of
the composites containing uni-directional elliptic cylindrical ﬁbers.
This study reveals that for the same volume fraction of the rein-
forcement phase, the higher elastic moduli are achieved when
the reinforcing ﬁbers are smaller. Moreover, it was deduced that
as the size of the ﬁbers shrinks the anisotropic behavior of the
composite attenuates. The effect of the aspect ratio and rigidity
of the ﬁbers on the overall elastic moduli was investigated in a
number of case studies. It was also concluded that in computing
the overall moduli, the characteristic length ascribed to the matrix
is more inﬂuential than the length parameter of the reinforcement
material. Finally, the variations of the elastic constants with the
orientation of the ﬁber were discussed.
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Appendix A. Mathieu differential equation and solutions
By employing separation of variables to Eq. (41), u3ðn;gÞ ¼
XðnÞYðgÞ the following ordinary differential equations are
obtained:d2
dg2
Y þ ða 2q cos 2gÞY ¼ 0; ð59Þ
d2
dn2
X  ða 2q cosh2nÞX ¼ 0; ð60Þ
where a is the separation constant and q is negative. Eqs. (59) and
(60) are known as Mathieu and modiﬁed Mathieu equations,
respectively. Eq. (59) is transformed into Eq. (60) if g is replaced
within; i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
. In view of physical considerations, periodic solu-
tions of Eq. (59) are of special interest. The values of a, for which
Mathieu equation possesses periodic solutions are named charac-
teristic values. These periodic solutions are called angular Mathieu
functions. It can be shown that there exist two countably inﬁnite
sets of characteristic values which yield even and odd periodic solu-
tions in terms of g (McLachlan, 1951).
A.1. a ¼ AkðqÞ; k ¼ 0; 1; 2; . . .
For these values of separation constant, Mathieu equation has
even periodic solutions, ce2n and ce2nþ1 for n ¼ 0;1;2; . . .. Odd and
even indices represent the periodicity of 2p and p, respectively.
The associated solutions for the modiﬁed Mathieu equation are
Bessel-type radial Mathieu functions, Ie2n;Ke2n; Ie2nþ1 and Ke2nþ1.
The following properties were useful in selecting the appropriate
terms of the solution to the displacement ﬁeld for the interior
and exterior points.cekð0; qÞ–0; ddg cekð0; qÞ ¼ 0;
d
dn
Iekð0; qÞ ¼ 0; lim
n!þ1
jIekðn; qÞj ¼ þ1;
d
dn
Kekð0; qÞ–0; lim
n!þ1
Kekðn; qÞ ¼ 0:
ð61ÞA.2. a ¼ BkðqÞ; k ¼ 1; 2; 3; . . .
These values of separation constant lead to odd periodic solu-
tions, se2nþ1 and se2nþ2 with n ¼ 0;1;2; . . .. Again odd and even
indices correspond to 2p and p periodicity, respectively. The solu-
tions of the modiﬁed Mathieu equation for these separation con-
stants are Bessel-type radial Mathieu functions denoted by
Io2nþ1; Ko2nþ1; Io2nþ2 and Ko2nþ2. For these solutions, the following
relations hold:
sekð0; qÞ ¼ 0; ddg sekð0; qÞ–0;
Iokð0; qÞ ¼ 0; lim
n!þ1
jIokðn; qÞj ¼ þ1;
Kokð0; qÞ–0; lim
n!þ1
Kokðn; qÞ ¼ 0:References
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